A classification of strongly regular Cayley graphs of cyclic group was independently achieved by Bridges and Mena (Ars Combin. 8 (1979) (1984) 75). Here we discuss their results in a more general setting of distance-regular Cayley graphs, and give the complete classification of distance-regular Cayley graphs of cyclic groups. In particular, we prove that a Cayley graph of a cyclic group is distance-regular if and only if it is isomorphic to a cycle, or a complete graph, or a complete multipartite graph, or a complete bipartite graph on a twice an odd number of vertices with a matching removed, or the Paley graph with a prime number of vertices.
Introduction
Let H denote a finite group and S ⊆ H \{1} a Cayley subset, that is, a generating set of H containing an element s whenever s −1 ∈ S. A Cayley graph of a group H with respect to the set of generators S, denoted by Cay(H ; S), is the graph with vertex-set H , where x ∈ H is adjacent to y ∈ H whenever x y −1 ∈ S. Note that Cayley graphs are connected by definition. For any h ∈ H the right multiplication x → xh is an automorphism of Cay(H ; S), implying that automorphism group AutCay(H ; S) contains a regular subgroup isomorphic to H . The converse is also true: if the automorphism group of a connected graph X contains a regular subgroup H , then X is isomorphic to a Cayley graph of group H with respect to some generating set S ⊆ H \{1} (see [10] ). A graph which is isomorphic to a Cayley graph of a cyclic group is called a circulant.
A connected finite graph is distance-regular if the cardinality of the intersection of two spheres depends only on the radii and the distance between the centres of these two spheres. There are four obvious families of distance-regular graphs which we call trivial: the complete graphs K n (of diameter 1), the complete multipartite graphs K t ×m (of diameter 2), the complete bipartite graphs without a matching K m,m − m K 2 (of diameter 3), and the cycles C n (of diameter n/2 ). A classical example of non-trivial distance-regular Cayley graphs are Paley graphs, defined as follows. For a prime power q = p m , p ≡ 1(mod 4), let F q denote the finite field of cardinality q, let S denote the set of all squares in the multiplicative group of F q , and let H ∼ = Z m p denote the additive group of F q . The Paley graph P(q) of order q is defined as the Cayley graph Cay(H ; S). It is easy to see that Paley graphs are distance-regular graphs of diameter 2.
Among distance-regular Cayley graphs, those of diameter 2 (also called strongly regular Cayley graphs) have been investigated most thoroughly. Such graphs are equivalent to regular partial difference sets (see [7] for the survey of this topic), and many results on strongly regular Cayley graphs are formulated in the language of partial difference sets. It is interesting that not many strongly regular Cayley graphs which are not elementary Abelian (that is, Cayley graphs of elementary Abelian groups) are known. On the other hand, there are numerous examples of strongly regular elementary Abelian Cayley graphs. Though many authors investigated such graphs, a complete classification still seems to be beyond reach. In view of this fact Muzychuk [9] suggested an investigation of distanceregular elementary Abelian Cayley graphs Cay(Z m p ; S) of the highest possible diameters m and m − 1.
In contrast with elementary Abelian groups, cyclic groups seem to be easier to handle. Strong regularity of circulants has been investigated by several authors and a complete classification of strongly regular circulants was independently achieved by Bridges and Mena [1] (extensively using the results of Kelly [5] ), Hughes, van Lint and Wilson [4] , Ma [6] , and partially by Marušič [8] .
Theorem 1.1 ([1, 4, 6] ). If X is a non-trivial strongly regular circulant, then X is isomorphic to a Paley graph P( p), for some prime p ≡ 1(mod 4).
The main result of this article is a generalization of the above result to the case of distance-regular graphs of an arbitrary diameter. We prove that Paley graphs on a prime number of vertices are also the only non-trivial distance-regular circulants. A distance-regular graph X with diameter d is distance-transitive, if for any i , 0 ≤ i ≤ d, the automorphism group of X acts transitively on the set of ordered pairs of vertices at distance i . Observe that by Theorem 1.2 every distance-regular circulant is also distance-transitive. This motivates the following definition and problem. A straightforward computation shows that the Shrikhande graph [11] (the smallest distance-regular graph which is not distance-transitive) is a Cayley graph of the Abelian group Z 4 × Z 4 (with S = {±(0, 1), ±(1, 1), ±(1, 0)}). Moreover, it is also a Cayley graph of three non-Abelian groups of order 16:
showing that Z 4 × Z 4 and the above non-Abelian groups are not DT-groups. It can also be seen that distance-regular Cayley graphs of dihedral groups which are not distancetransitive exist, implying that not all dihedral groups are DT-groups.
In Section 2 we summarize some basic facts about distance-regular graphs. For investigation of distance-regular Cayley graphs, Schur rings prove to be a useful tool. A short briefing on this subject is given in Section 3. In Section 4 we prove Theorem 1.2.
Preliminaries
In this section, we review some definitions and facts about distance-regular graphs. See the book of Brouwer, Cohen and Neumaier [2] for more background information. Throughout this paper, X will denote a finite, undirected, connected graph, without loops or multiple edges, with vertex set V (X), edge set E(X), path length distance function ∂,
to be the set of vertices at distance i from x. The graph X is said to be distance-regular whenever for all integers h, i, j, 0 ≤ h, i, j ≤ d, and all x, y ∈ V (X) with ∂(x, y) = h, the number
For a distance-regular graph X let the r th distance graph X r be the graph with the same vertex-set as X, and with two vertices adjacent if and only if they are at distance r in X. If X r is connected for all r,
an imprimitive distance-regular graph with valency k > 2 is either bipartite (here X 2 is not connected), antipodal, or both.
If X is a bipartite distance-regular graph, then X 2 has two components. The graphs induced on these components by X 2 are denoted by X + and X − (or also Suppose now that X is an antipodal distance-regular graph of diameter d. Then we may partition its vertices into sets, called fibres, such that any two distinct vertices in the same fibre are at distance d and two vertices in different fibres are at distance less then d. If the valency of X is greater than 2, then all fibres contain the same number of vertices. We denote this number with r and call it the index of X. The graph X which has the fibres of X as its vertices, with two fibres adjacent if and only if there is an edge joining them, is called the antipodal quotient of X. In this case, X is also called an r -fold antipodal cover of X. The antipodal quotient of a distance-regular graph is distance-regular [2, Proposition 4.2.2.(ii)].
The following straightforward consequence of [2, Proposition 5.1.1] will be used in the analysis of distance-regular circulants.
Lemma 2.1. Let X denote a distance-regular graph with diameter d and valency k
and X is an antipodal 2-fold cover of the complete graph.
Cayley graphs and Schur rings
Let H be a group and R a commutative ring with identity. The group algebra R H of H over R is the set of formal sums h∈H a h h, where a h ∈ R, equipped with the binary operations: An important example of Schur rings arises from permutation groups containing a regular subgroup. Suppose that G is a permutation group on a set X containing a regular subgroup H . Fixing an element x 0 ∈ X and identifying each element h ∈ H with the element x h 0 ∈ X one can view the group G as a permutation group on the set H rather then on the set X. Let G 1 be the stabilizer of the identity element 1 ∈ H in the group G and let {1} = T 0 , T 1 , . . . , T r be the orbits of G 1 in its action on H . The R-submodule R(G 1 ; H ) ≤ R H spanned by elements T 0 , T 1 , . . . , T r is called the transitivity module of the permutation group G 1 with respect to H . Wielandt proved that under the above assumptions the transitivity module is also a Schur ring.
Theorem 3.1 ([14, Theorem 24.1]). Let G denote a permutation group and H a regular subgroup of G. Then the transitivity module R(G 1 ; H ) is a Schur ring.
The above theorem has an interesting application in the context of Cayley graphs. Suppose that G is the automorphism group of a Cayley graph Cay(H ; S) and G 1 the stabilizer of the vertex 1 ∈ H . In this case we call the transitivity module R(G 1 ; H ) the stabilizer module of the Cayley graph Cay(H ; S) and denote it by T R (H ; S). Theorem 3.1 has the following immediate consequence.
Corollary 3.2. The stabilizer module T R (H ; S) is a Schur ring.
The stabilizer module is not the only submodule of the group algebra R H which plays an important role in the study of Cayley graphs. Let Cay(H ; S) be a Cayley graph of diameter d, and let N i ⊂ H , 0 ≤ i ≤ d, denote the set of vertices of Cay(H ; S) which are at distance i from the vertex 1. The R-submodule of the group algebra R H spanned by the elements N 0 , N 1 
, . . . , N d is called the distance module of the Cayley graph Cay(H ; S) and is denoted by D R (H ; S).
The following proposition is an immediate consequence of the definitions of the transitivity module, distance module and distance transitivity of graphs.
Proposition 3.3. The distance module D R (H ; S) is always a submodule of the transitivity module T R (H ; S) and the two modules coincide if and only if the Cayley graph Cay(H ; S) is distance-transitive.
The following proposition may be viewed as an analogue to Corollary 3.2. We shall assume the ring R to be the integer ring Z.
Proposition 3.4. Let H denote a group and let S denote a Cayley subset of H . The distance module D Z (H ; S) is a Schur ring if and only if the Cayley graph Cay(H ; S) is distanceregular.

Proof. Let d denote the diameter of graph X = Cay(H ; S) and let
Since X is vertex-transitive it is distance-regular if and only if for any integers i, j, k, Let us remark that in the case of distance-regular Cayley graphs the distance module, viewed as a Z-algebra, is isomorphic to the Bose-Mesner algebra of the distance-regular Cayley graph.
A Schur ring S over a group H is said to be primitive if the subgroups K = {1} and K = H are the only subgroups of H for which K ∈ S. It can be easily seen that a Schur ring S with the simple basis {T 0 , T 1 , . . . , T r } is primitive if and only if the set T i generates the group H for every i ∈ {1, 2, . . . , r }. The two-dimensional Schur ring, also called the trivial Schur ring over H (spanned by T 0 and T 1 , where T 0 = {1} and T 1 = H \{1}), is always primitive. The following result of Wielandt will play a crucial role in our investigation of distance-regular Cayley graphs.
Theorem 3.5 ([12, 13]). Let H denote a cyclic group or a dihedral group of non-prime order, and let S denote a primitive Schur ring over H . Then S is the trivial Schur ring.
The connection between primitive Schur rings and primitive distance-regular Cayley graphs is established through the following simple observation. 
(i) D is a primitive Schur ring if and only if X is a primitive distance-regular graph. (ii) D is the trivial Schur ring if and only if X is isomorphic to the complete graph.
Proof. To prove (i) define N i ⊆ H , i ∈ {1, . . . , d}, to be the set of vertices in X which are at distance i from the vertex 1 ∈ H . If X is a primitive distance-regular graph, then each distance graph X i , i ∈ {1, . . . , d}, is connected and isomorphic to the Cayley graph Cay(H ; N i ). Hence, for each i ∈ {1, . . . , d}, the set N i generates the group H , implying that the Schur ring D is primitive. Conversely, if the Schur ring D is primitive, then each set N i generates the group H and X i is isomorphic to Cay(H ; N i ), which is a connected graph, implying that X is a primitive distance-regular graph.
Part (ii) is a simple consequence of the fact that the dimension of the distance module D over Z equals the diameter of X plus 1.
Combining Theorem 3.5 with Proposition 3.6 the following important fact about distance-regular Cayley graphs of cyclic and dihedral groups is established. 
(i) If H is a cyclic group then either n is a prime number, or X
We close the section with two results of Wielandt which are going to be used later. N 0 , N 1 , . . . , N d , is a Schur ring. For integers q and x, let f q (x) be the smallest nonnegative integer congruent x modulo q. Abusing notation we write f q ( h∈H a h h) = h∈H f q (a h )h for any h∈H a h h ∈ ZH . Observe that for any prime q and any index i ∈ {0, 1, . . . , d} the following holds:
If d = 1 then X is isomorphic to the complete graph. Suppose now that d = 2. If X is imprimitive, then by [3, Lemma 10.1.1] X is isomorphic to the complete multipartite graph K t ×m . If X is primitive then, by Corollary 3.7, n is prime. In this case we let A = {ρ i 2 | i = 1, 2, . . . , n−1}, B = H \(A∪{1}) and show that {A, B} = {N 1 , N 2 }, which clearly implies that X is isomorphic to the Paley graph P(n). Namely, if k is an integer coprime to n then by Theorem 3.9 either N 1 For the rest of the proof we assume that d ≥ 3. Define
Suppose first that p does not divide n. Then N 1 ( p) = N 2 and |N 1 | = |N 2 |. By Lemma 2.1 the graph X is a 2-fold cover of the complete graph. But then n is even and therefore p = 2, p | n, a contradiction.
We can thus assume that p | n. Observe that by minimality p is a prime number and that every integer q smaller than p is coprime to n and satisfies N 1 (q) = N 2 . In fact, such an integer q also satisfies N 1 (q) = N 1 . Namely, if this is not the case then take the smallest 2) , which implies that . . , p − 1} = P, which shows that every y ∈ P is adjacent to every element of N 1 \P. In particular, P ⊆ N 1 ∪ N 2 . If P ⊆ N 1 , then each element y ∈ P is adjacent also to every element of P\{y} and so X is the complete graph. We can thus assume that there exists y ∈ P ∩ N 2 . But then
which implies that d ≤ 2, a contradiction. Assume now that α 1 = 1. Then the mapping x → x p is a bijection on N 1 . But since N 1 generates H , this is also a bijection on H , contradicting the fact that p | n. 
